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Abstract 

In the previous paper P, we derived the Abehan projected effective gauge theory 
as a low energy effective theory of the SU{N) Yang-Mills theory by adopting the 
maximal Abelian gauge. At that time, we have demonstrated the multiplicative 
renormalizability of the propagators for the diagonal gluon and the dual Abelian anti- 
symmetric tensor field. In this paper, we show the multiplicative renormalizability 
of the Green's functions also for the off-diagonal gluon. Moreover we complement 
the previous results by calculating the anomalous dimension and the renormalization 
group functions which are undetermined in the previous paper. 
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1 Introduction 



Quark confinement and spontaneous breakdown of cliiral symmetry are very impor- 
tant problems in tlie low energy Quantum Chromodynamics (QCD). It is difficult to 
analyze QCD in the low energy region due to strong coupling constant, while it is easy 
to analyze QCD in the high energy region due to the asymptotic freedom of coupling 
constant. Thus the effective theory is often used in order to investigate the phenom- 
ena in the low energy region of QCD. In fact, it is well-known that the problems 
mentioned above are qualitatively explained by dual Ginzburg-Landau (DGL) theory 
which describes the dual superconductivity due to the dual Meisner effects. |21 El EI 
Therefore we expect that the DGL theory is a candidate of a low energy effective 
theory of QCD. However, the analytical derivation of DGL from QCD is not achieved 
so that we have tried to construct the interpolated effective theory connecting QCD 
and DGL in the series of our works ^ Ej- 

In the previous paper jj, which is referred to as (I) hereafter, we have derived 
Abelian projected effective gauge theory (APEGT) from the SU{N) Yang-Mills the- 
ory by making use of the maximal Abelian (MA) gauge [H] based on an idea of Abelian 
projection jHj. The APEGT is originally derived for the SU{2) gauge group in Ref. [Hj 
and extended for the SU{N) gauge group in (I). 

The original Yang-Mills theory includes the diagonal gluon, the off-diagonal gluon, 
the diagonal ghost and the off-diagonal ghost. According to the Abelian dominance |7], 
the diagonal components play the dominant roles in the low energy region of QCD, 
while the off-diagonal components hardly affect the phenomena in the low energy 
region. The mechanism of Abelian dominance can be understood by the fact that the 
off-diagonal fields become massive, while the diagonal fields remain massless or have 
smaller masses. We derived the dynamical mass generations of off-diagonal fields in 
Ref. [H| in agreement with numerical simulations on a lattice jDJ. By introducing a 
dual Abelian anti-symmetric tensor fields together with two arbitrary parameters p 
and (T as a dual of the composite operator of off-diagonal gluons and by integrating 
out off-diagonal gluons and ghosts, we have obtained the APEGT which includes only 
the diagonal gluon and the dual Abelian tensor field. Moreover, by integrating out 
the diagonal gluon, we have arrived at the DGL-like effective theory as demonstrated 
in Refs. jHEI. 

In (I), we calculated the beta-function, the anomalous dimensions of the diagonal 
gluon and dual Abelian tensor fields, and the renormalization group (RG) functions 
of the gauge fixing parameter for the diagonal gluon and an arbitrary parameter p and 
demonstrated the multiplicative renormalizability for the diagonal gluon and the dual 
Abelian tensor field propagators. In this paper, moreover, we show the multiplicative 
renormalizability for the Green's functions including not only the diagonal fields but 
also off-diagonal gluons, and calculate the anomalous dimension of off-diagonal gluon 
and the RG functions of the gauge fixing parameter for the off-diagonal gluon and the 
remaining parameter a. The results obtained here complement the previous results. 
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2 Modified maximal Abelian gauge 



We construct the gauge fixing (GF) and the associated Faddeev-Popov (FP) ghost 
term for the MA gauge. To analyze the non-Abelian gauge theory in the MA gauge, 
we distinguish the color indices as follows: 

.. ^ SUiN), 

. ^ f/(l)^-i (diagonal), (1) 
. SUiN)/U{l)^~^ (off-diagonal). 

First, we define the MA gauge condition. The MA gauge is obtained by minimizing 
the functional i?[y4^] with respect to the local gauge transformation U{x) of A^. Here, 
R[A] is defined as the functional of off-diagonal gluons, 

R[A] := [ d^x-A'^MA^'^ix). (2) 




Then we obtain the differential form of the MA gauge condition, 

:= D^A^" = 0, (3) 

where we defined the covariant derivative with respect to the diagonal gluon as 

D,<P^:= + (4) 

for an arbitrary operator (p^. The MA gauge condition partially fixes the color rota- 
tional symmetry from SU{N) to U{1)^~^. In fact, the residual U{1)^~^ symmetry, 

S^i = {<pi = (j)\C\C'), _ (5) 

is not fixed by the MA gauge fixing condition. Here A^, (p, C and C is gluon, 
Nakanishi-Lautrup field, ghost and antighost respectively. In order to complete the 
gauge fixing, we must fix the residual f/(l)^~^ symmetry. In this paper, we employ 
the additional gauge fixing condition F*[y4^] := d^A^^ = for fixing the residual 
U{1)^~^ symmetry. 

Next, we construct the GF-I-FP term for the MA gauge. In (I), we adopted the 
naive MA gauge fixing term 



j d^xidB C (^D^A^^ + l^"^) + C (^d^'Al + f^^^ 



(6) 



where Sb is the BRST transformation. However, the GF-I-FP term (jHl) is not ap- 
propriate from the viewpoint of multiplicative renormalizability of the theory. The 
reason is as follows. The divergent contribution proportional to a ghost-antighost 
self interaction term (^p'^b^a(jb-j2 jg generated as a quantum correction due to the 
existence of the interaction f^f^^ pcb^ja^jb j^imc y^d ^j^^ y^j^ gauge (jHl). However, the 
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GF+FP term © does not include such a term at the tree level so that the mul- 
tiplicative renormalizability cannot be maintained in the off-diagonal gluon sector. 
Therefore, in order to preserve the multiplicative renormalizability, we should modify 
the GF+FP term to include such a term at the tree level. In this paper, we adopt 
the modified MA gauge fixing term |1 If |Sj 



5, 



mMA 



d xi 



a 



(7) 



where is the anti-BRST transformation. Integrating out 0* and 0'^, we obtained 
the total gauge fixing term 



mMA 



8 4 



a 



This term includes the desired form ghost interaction term.^ Moreover, we find that 
no interaction term with diagonal ghost C* exists so that a diagonal ghost does not 
appear as an internal line in the perturbative loop calculation. 



3 Composite operator and Abelian auxiliary field 

Here, we consider the Green's function including Abelian composite operator which 
is made of off-diagonal fields and invariant under the U{1) gauge transformation 
Then we introduce a dual Abelian tensor field -B^^ as an auxiliary field corresponding 
to such a composite operator. 

According to the Abelian dominance in the low energy region of QCD, an el- 
ementally off-diagonal field hardly affect the physics alone. However, the Abelian 
composite operator which is composed of off-diagonal fields can affect the low en- 
ergy physics as well as elementary Abelian fields. There are four candidates of the 
Abelian composite operator made of off-diagonal fields with mass dimension 2, that 
is, f^^^A^^Al, A^'^Af''', fibcQbQc C^C''. In this paper we focus on the two-rank 
anti-symmetric composite operator O^^, := f^^'^A^^AI since this operator is very im- 
portant to construct the dual Abelian gauge theory of Yang-Mills theory.^ In order 

^The GF+FP term Q satisfies the charge conjugation invariance, global shift invariance for the 
diagonal ghost and global shift invariance for the diagonal antighost. See Ref ^Uj for more detail. 

^Other three scalar composite operators are meaningful in the different sense. In the non- 
perturbative consideration by making use of effective potential, the dynamical mass of the off- 
diagonal fields are caused through the pair condensation of the off-diagonal ghost and antighost. 
However, in this paper, all calculations are based on the perturbative method and the non-zero 
masses of the off-diagonal fields are assumed. 
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to consider the Green's functions with Abehan composite operator O*, we introduce 
a source term Sk for O* as well as Sj for elemental fields: 

Z[J, K] = jD$exp{iSYM + ^5mMA + tSj + iSk}. (9) 

Where S'ym := —jF^^^F'^^^ is Yang-Mills action and gauge fixing terms S'mMA have 
already been given in (|7j). S'j is a source term for the elementary fields, Sj : = 
f d^x (A^J'^* + A^J'^"), and Sk is a source term for the composite operator: 

Sk := I d'x'-*0'^,K^^\ (10) 

where we define the Hodge dual of arbitrary two-rank anti-symmetric tensor as 
*Ofxv '■= ^^fiupaO^"^ . However, we notice that the composite source term (fTIH) is insuf- 
ficient from the viewpoint of multiplicative renormalizability. Indeed, such a source 
term (fTUj) generate the divergent contributions not only proportional to O^^^.K^'^^ 
but also proportional to df^AlK^'^^ and K'^^^K^^^. (See Fig. Therefore, in order 
to maintain the multiplicative renormalizability, we should re-define the composite 
source term as 

Sk := j d'x {^-V^K^''' + \k',^K^^'^ , (H) 

where we define new composite operator 

Q% ■■= Pf;. + crf'^A^Al, (12) 

with new two parameters p and a.^ Then we can obtain the connected Green's func- 
tions including the Abelian composite operator Q^^^ by differentiating W := —ilnZ 
with respect to K""^^. 

Now we try to define the effective action. The existence of the quadratic source 
term such as the last term of Sk prevents us from performing the Legendre transfor- 
mation. Therefore we introduce a dual Abelian tensor field as an auxiliary field in 
order to put out quadratic term of K'^^^^. By making use of the identity: 

A/" / DB;,exp^ I d'x |-i {b;^ - v;. - = 1, (13) 

■^Three divergent contributions shown in Fig. ^ can be absorbed by renormalizing the composite 
source K^^^^ and two new parameters p and a. 
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with an appropriate constant A/", we obtain 



Z[J, K]=M j DcPDB;, exp{z^inv + ^^gf + tSj + i j d^x^Bl^K'^'''}, (14) 



where we defined 



- \ - Bl,, [p/;, + agf'^AlAl]], (15) 

with the Abehan field strength /^^ := d^A^^, — d^A^^. It is easily confirmed that we 
can reproduce the original partition function (jH)) by integrating out in (|T1| . 
Now we can perform the Legendre transformation as 

r[4, Al, := W[J, K]-J d'x (^A^^J^' + AIJ^'^ + \bI,K^^^^ , (16) 

where we defined the background fields: 

We obtain one particle irreducible (IPI) Green's function by making use of the effec- 
tive action r[4,A»,5;J. 



4 Renormalization and RG functions 

We introduce the multiplicative renormalization factors of the fields, parameters and 
coupling constant in order to absorb undesirable divergent contributions in the IPI 
Green's functions. Especially, we pay attention to the IPI Green's functions including 
the dual Abelian tensor field and determine the RG function of a which is unfixed 
in (I). 

In order to show the multiplicative renormalizability and determine the beta func- 
tion, the anomalous dimensions and the RG functions we define the renormalized fields 
and parameters as 

A' = Zl^'^A\^ A" = ZlC^A^^ = Z]^^B'^ g = Zgg^, 

(18) 

a = Zaau, (3 = Z 13(3^1, P = Zpp^, a = Z^a^. 

Here, at the one-loop level calculations, there is no need to take into account renor- 
malization of each fiuctuation field explicitly. Moreover the renormalization of the 
background ghost and antighost are also irrelevant because we consider the Green's 
functions including neither ghost nor antighost in this paper. We can determine each 
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Figure 2: The graphical representation of the Green's function including B^^^ at the 
one-loop level. The zig-zag line denotes the dual Abelian tensor field. The lines 
labeled "z" correspond to the diagonal fields. 




Figure 3: Vacuum polarization graphs with respect to the off-diagonal gluon propa- 
gator at one-loop level. 

renormalization constant defined here to absorb all divergent contributions calculated 
in the IPI Green's function. 

Now, we consider the Green's functions including 5^^. There are three divergent 
Green's functions (5^^,y4-^) and (iJ^^A^Aj^). The graphical representation 

is given in Fig. El The graphs (A), (B) and (C)s correspond to the first, second and 
third graphs in Fig. ^ respectively. 

We have already calculated the vacuum polarization graphs (A) and (B) in (I) 
together with the vacuum polarization for the diagonal gluon propagator (^A^^Aiy 
And we determined the renormalization constants Za, Zb, Zg and Zf^ there. It is 
remarkable that the results in (I) paper are also valid here despite that we adopt 
the modified MA gauge in this paper which differs from the naive MA gauge in (I). 
Therefore the remaining renormalization constants to be determined in this paper are 
Za, Za and Z„. First, Za and Z^ can be determined by requiring that the transverse 
and longitudinal mode of the off-diagonal gluon propagator are convergent. Then we 
can determine Z^ by requiring the Green's function (^B^^^^A'^A'^^'^ is convergent. 

The divergent vacuum polarization graphs for the off-diagonal gluons are drawn 
in Fig. Eland the divergent contributions to Green's function (^B^^^A^A^'^ have already 
been shown in Fig. |21 

After straightforward calculations by making use of the dimensional regularization. 
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we obtain 



Za^1 + 



1 + 



-e\2 



(47r)2e 
(47r)2e 



17 Or /5 1 - ttR 



(^2(G) - 2) 



+ 



4 3 /SI — q;r3 1 ^\ 
3-«»-5;^H3 + ^ j«a)(C,(G)-2) 



+ 



(47r)2e 



1 + 



4 , l + ctR 



3 + 



1 /3r /3, 



•^R + T«R ^ -; — 



R 



2 ■ 4 q;r 4 2q;r 

ftR , 1 + ClR 



+ 'l2 + T + 



{C,{G) - 2) 



+ 



where e := (4 - d)/2. 

Defining the anomalous dimension 7^ for each field and the RG function 
each parameter x ^ 

^9 dxR d 

we obtain the following results. 

7.toa) = i4lnZ. = -fc,(G)||^, 

d 



lp{.gK) = -pR/x— InZp 



= -2pR 



11 "^R r.O'R 1-f 

h — - 2— H 

6 2 PR 2 



/ (7R _ 









(47r)2' 
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7a 

7a 



(47r)' 
(47r)2 

2^|tTR 

(47r)2 



17 



-ttR -Q;r-3 + q;r(- + 



5 , 1 - Q;r 



- -CR ) {C,{G) - 2) 



4 ^ I + Qr 



c^R + 



ttR 4 



R 



+ 



_5_ Or ]_+ q;r _2 
12 2 ^ 



2q;r 

4 ) - 2) 



All anomalous dimensions and RG functions except for 7^, 7^ and 70- are com- 
pletely independent of two parameters p and a which were introduced in this paper 
together with the Abelian auxiliary field -B^^. Therefore the behavior of A^, A^, g, 
a and (3 are not affected by introduction of such an auxiliary field. Especially, beta 
function obtained here is exactly identical to that in the ordinary Lorentz gauge in 
which the SU{N) color rotational symmetry is unbroken. To the contrary, 75, 7^ and 
7o- depend on two parameter p and a. 

In SU{2) case, we can put Casimir operator C2{G) identical to 2. 
functions of each parameter are rewritten as 

44 



Then RG 



7/3 



7o 



7p 



3^''(47r)2^ 



-4pF 



11 

"6 



+ 



23 



+ 



at 



2^ + 

PR 



9i 
(47r)2 

1 - 



la = 2(Tf 



1 



4 l+ftR 2 5 

3 + ^"^+r^-^+ 



Or 
PR 

4 



a 



R 



2 

2a 



R 



(4vr)^ 
(47r)2 



(31) 



(32) 



(33) 



(34) 



Firstly, we consider the gauge fixing parameters f5 and a. The RG flow of the Abelian 
gauge fixing parameter j3 has a fixed point at = 0. It is similar to Landau gauge in 
the ordinary Lorentz gauge. To the contrary, the RG flow of the parameter a does 
not have any fixed point because 7q, is always negative for arbitrary real value of a. 
The value of a increases toward the infrared region. Therefore we cannot analyze a 
special point of a differently from the case of /3, so that we set /5 = and leave a 
unfixed in the following discussion. 

Next, we consider a parameter p. The RG flow of p does not have a fixed point 
at p = unless cr = 0. Of course, before the perturbative calculations, we can expect 
that such a trivial fixed point p = a = exists since the case of p = a = corresponds 
to the case in which Abelian auxiliary field has never been introduced. Because of 
the fact that a fixed point of p = does not exist when a 7^ 0, we understand that 
an introduction of cr-term must generate p-term. It is compatible with the argument 
in Sec. El 

Finally, we consider a remaining parameter a. The RG flow of cr has a trivial 
fixed point at cr = 0. However, we are not interested in such a trivial fixed point. At 
/? = 0, we obtain 



la 



cr 



where ai 



= anil + c^r) 
2V6T)/15 and 02 



R+ 2 



5 (q;r - ai)(ctR - 02) 



[1 + ajijaK J (477 



9i 



(35) 



^—8 + 2v^)/15. 7o- can be equal to at 



cr = A -- 



5 (ftR - ai)(aR - 02) 
2 



[1 + CtR)Q^R 



(36) 



when cti < ctR < — 1 or < Or < a;2- However this is not a true fixed point since a 
is always unfixed in the MA gauge as mentioned above. 
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5 Conclusion 



In (I) and in this paper, we have considered the possibihty of the existence of the 
Abehan composite operator composed of off-diagonal gluons in the MA gauge. We 
have introduced the dual Abelian anti-symmetric tensor field into the SU{N) 
Yang-Mills theory as an auxiliary field together with two new parameters p and a. 

In (I) , we demonstrated the multiplicative renormalizability of propagators for the 
diagonal gluon and the dual Abelian anti-symmetric tensor field. At that time, we 
calculated the beta-function, the anomalous dimensions of the diagonal gluon and 
dual Abelian anti-symmetric tensor field, and RG functions of the gauge parameter 
for diagonal gluon /3 and p. The results obtained in (I) are still vahd here. 

In addition to the demonstration in (I), in this paper, we have shown the multi- 
plicative renormalizability for the Green's functions including not only diagonal fields 
but also off-diagonal gluons. We have calculated the anomalous dimension of the 
off-diagonal gluon and the RG functions of the gauge parameter for the off-diagonal 
gluon a and parameter a. 

Prom the results obtained in this paper, we have found the following facts. First, 
the RG flow of the gauge fixing parameter a for off-diagonal gluon does not have a 
fixed point anywhere. Next, an introduction of a term must generate the p-term so 
that we should introduce p-term at the same time from the viewpoint of multiplicative 
renormalizability. Finally, the RG flow of a parameter a has non-trivial flxed points 
depending on a. The non-zero values of p and a mean that the composite operator 
of off-diagonal gluons plays dominant role in the low energy region. 

The results in this paper are based on the pcrturbative calculations so that it 
is valid in the ultraviolet region. However, these are important for the analysis in 
the infrared region in order to construct the low energy effective theory which is 
compatible to the original QCD. 
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